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Abstract
In Poincare gauge theory of gravity, which has been formulated on the basis of
principal ber bundle over the space-time manifold having the covering group
of the proper orthochronous Poincare group as the structure group, we exam-
ine the tensorial properties of dynamical energy-momentum density GTkµ and
the \spin" angular momentum density GSklµ of the gravitational eld. They
are both space-time vector densities, and transform as tensors under global
SL(2, C)- transformations. Under local internal translation, GTkµ is invari-
ant, while GSklµ transforms inhomogeneously. Dynamical energy-momentum
density MTkµ and the \spin" angular momentum density MSklµ of the matter
eld are also examined, and they are known to be space-time vector densi-
ties and to obey tensorial transformation rules under internal Poincare gauge
transformations. Corresponding discussions in extended new general relativ-
ity which is obtained as a teleparallel limit of Poincare gauge theory are also
given, and energy-momentum and \spin" angular momentum densities are
known to be well behaved. Namely, they are all space-time vector densities,
etc. In both theories, integrations of these densities on a space-like surface
give the total energy-momentum and total (=spin+orbital) angular momen-
tum for asymptotically flat space-time. The tensorial properties of canonical
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I. INTRODUCTION
The energy-momentum and angular momentum play central roles in modern theoretical
physics. The conservations of these are related to the homogeneity and isotropy of space-
time, respectively. Also, local objects such as energy-momentum and angular momentum
densities are well dened if the gravitational eld does not take part in.
In general relativity, however, the energy-momentum and angular momentum densities
of the gravitational eld so far proposed are not space-time tensor densities. Rather, it is
usually asserted [1] that well-behaved energy-momentum and angular momentum densities
cannot be dened for the gravitational eld. While, total energy-momentum and total
angular momentum are dened well for asymptotically flat space-time.
In Poincare gauge theory of gravity (P.G.T.) [2], which has been formulated on the basis
of principal ber bundle over the space-time manifold having the covering group of the proper
orthochronous Poincare group as the structure group, we have dened dynamical energy-
momentum and \spin" angular momentum densities. For the asymptotically flat space-time,
the integration of the dynamical energy-momentum density over space-like surface σ is the
generator of internal translation and gives the total energy-momentum of the system. Also,
the integration of \spin" angular momentum density over σ is the generator of internal
SL(2, C)-transformations and gives the total (=spin+orbital) angular momentum [3], when
the Higgs-type eld ψk is chosen to be ψk = e(0)kµx
µ + ψ(0)k + O(1/rβ) with constants
e(0)kµ, ψ
(0)k [4{6]. In extended new general relativity (E.N.G.R.) which is obtained as a
teleparallel limit of P.G.T., corresponding results have been obtained [7].
The purpose of this paper is to examine, both in P.G.T. and in E.N.G.R., the transfor-
mation properties of the dynamical energy-momentum densities, \spin" angular momentum
densities, canonical energy-momentum densities and \extended orbital angular momentum"
densities under general coordinate transformations and under Poincare gauge transforma-
tions [8]. The main result is that all the dynamical energy-momentum densities and “spin”
angular momentum densities in these theories are true space-time vector densities.
II. POINCARE GAUGE THEORY
A. Outline of the theory
P.G.T. is formulated on the basis of the principal ber bundle P over the space-time M
possessing the covering group P0 of the proper orthochronous Poincare group as the struc-
ture group. The space-time is assumed to be a noncompact four dimensional dierentiable
manifold having a countable base. The bundle P admits a connection Γ, whose translational
and rotational parts of the coecients will be written as Akµ and A
k
lµ, respectively. The
fundamental eld variables are Akµ , A
k
lµ, the Higgs- type eld ψ = fψkg and the matter
eld φ = fφAjA = 1, 2, 3,    , Ng [9]. These elds transform according as [10]
ψ0k = ((a−1))kl(ψl − tl) ,




φ0A = (ρ((t, a)−1))ABφB , (2.1)
under the Poincare gauge transformation
σ0(x) = σ(x)  (t(x), a(x)) ,
t(x) 2 T 4 , a(x) 2 SL(2, C) . (2.2)
Here,  is the covering map from SL(2, C) to the proper orthochronous Lorentz group, and ρ
stands for the representation of the Poincare group to which the eld φA is belonging. Also,
σ and σ0 stand for local cross sections of P. Dual components ekµ of vierbeins eµk∂/∂xµ are
related to the eld ψk and the gauge potentials Akµ and A
k






l + Akµ , (2.3)
and these transform according as
e0kµ = ((a−1))klelµ , (2.4)
under the transformation (2.2). Also, they are related to the metric gµνdx









= diag(−1, 1, 1, 1).
There is a 2 to 1 bundle homomorphism F from P to ane frame bundle A(M) over M ,
and an extended spinor structure and a spinor structure exist associated with it [12]. The
space-time M is orientable, which follows from its assumed noncompactness and from the
fact that M has a spinor structure.
The ane frame bundle A(M) admits a connection ΓA. The T 4-part Γµν and GL(4, R)-




















by the requirement that F maps the connection Γ into ΓA, and the space-time M is of the
Riemann-Cartan type.








µ and of e
k
µ are given by [11]
Rklµν
def



















and we have the relation






The eld strengths T kµν and R
kl
µν are both invariant under internal translations. The
torsion is given by
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T λµν = 2Γ
λ
[νµ] , (2.9)















respectively. Also, we have
















which follow from Eq.(2.6).












Here, Mkl and Pk are representation matrices of the standard basis of the group P0 : Mkl =
−iρ( Mkl) , Pk = −iρ( Pk). The matrix Pk represents the intrinsic energy-momentum of the
eld φA [12], and it is vanishing for all the observed elds.
The Lagrangian density [13]
L = LM (ekµ, ψ
k, Dkφ
A, φA) + LG(T klm, Rklmn) (2.15)
satises the requirement of P0 gauge invariance. Here, L
M is the Lagrangian of the matter
eld φ = fφAg and LG is the Lagrangian of the gauge potentials given by
LG
def

















In the above, ci, dj (i = 1, 2, 3, j = 1, 2, 3,    , 6) and d are all real constants, tklm, vk and
ak are the irreducible components of the eld strength Tklm, and Aklmn, Bklmn, Cklmn, Ekl, Ikl
and R are the irreducible components of the eld strength Rklmn. Their denitions are
enumerated in Appendix A.
The gravitational Lagrangian density LG agrees with that in Poincare gauge theory
(P.G.T.) [14], and hence gravitational field equations in P.G.T. take the same forms as those
in P.G.T. [15].
In Refs. [4{6], we have used in place of LG,
LG
def
= LG + /
p−g , (2.19)












In order to get conserved generators, the Lagrangian density L
def
= LG + LM , which leads to
same eld equations as L does, has been employed.
Let us consider Poincare gauge transformations (2.2) with innitesimal functions tk and






with innitesimal functions ωkl = −ωlk. Also, we consider the innitesimal coordinate
transformations
x0µ = xµ + µ (2.23)
with µ being innitesimal functions. Under the product transformations of (2.22) and of
(2.23), the fundamental elds ψk, Akµ, A
kl
µ and φ
A and the Lagrangian density L transform
according as
ψ0k = ψk − ωklψl − tk ,
A0kµ = Akµ − ωklAlµ + tk,µ + Aklµtl − ν ,µAkν ,
A0klµ = Aklµ + ωkl,µ − ωkmAmlµ − ωlmAkmµ
−ν ,µAklν ,












We see that L is invariant under the product transformations of (2.22) with constant ωkl
and (2.23), but it violates local SL(2, C) invariance.
In considering energy-momentum and angular momentum, there are two possibili-
ties in choosing the set of independent eld variables [4{6], one is to choose the set
fψk, Akµ, Aklµ, φAg and the other is to choose the set fψk, ekµ, Aklµ, φAg instead. In the
rest of this section, we employ fψk, Akµ, Aklµ, φAg as the set of independent eld variables,
because this choice is preferential to the other, as we have seen in Ref. [4{6]. The case when
fψk, ekµ, Aklµ, φAg is employed will be mentioned in the nal section.










































A  0 , (2.28)
totTk
µ − Fkµν ,ν − δL
δAkµ



















 0 , (2.32)
~Tµ




Aklµ  0 (2.33)
























µ def= −2F[kµψl] − 2F[kνµAl]ν





























µνAklλ = −Ψλνµ . (2.42)
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The energy-momentum density totTk
µ and the \spin" angular momentum density
totSkl












by virtue of the identities (2.29) and (2.31). Thus, totTk
µ has the standard form of gauge
current in Yang-Mills theories, while totSkl
µ has not. There is an additional term 2Wkl
µν
,ν
which originates from the term  violating the SL(2, C)-gauge invariance of the gravita-
tional Lagrangian density.
When the eld equations δL/δAkµ
def
= ∂L/∂Akµ − ∂ν(∂L/∂Akµ,ν) = 0 and δL/δφA = 0
are both satised, we have the following:





µ = 0 , (2.45)
∂µ
totSkl
µ = 0 , (2.46)
which are the dierential conservation laws of the dynamical energy-momentum and of the
\spin" angular momentum, respectively. These (i) and (ii) follow from Eqs.(2.27), (2.30)
and (2.32).
Equations (2.33) and (2.42) lead to
∂ν ~Tµ
ν = 0 , (2.47)
∂ν ~Mλ
µν = 0 , (2.48)
when δL/δAkµ = 0 , δL/δA
kl
µ = 0, where ~Mλ
µν def= 2(Ψλ
µν − xµ ~Tλν). Equation (2.47)
and Eq.(2.48) are the dierential conservation laws of the canonical energy-momentum and
\extended orbital angular momentum" [5,6], respectively.





asymptotically flat space-time by choosing ψk as
ψk = e(0)kµx




β+1) , (β > 0) , (2.49)




ν = ηµν , and ψ
(0)k and β are constants. Also,




(x1)2 + (x2)2 + (x3)2, and O(1/rα) with positive α denotes a term
for which rαO(1/rα) remains nite for r ! 1; a term O(1/rα) may of course be zero. We




































νλdσλ = 0 , (2.53)





















= 2a∂ρ∂σf(−g)gλ[νgρ]σg , (2.56)
Kµνλρ
def
= 2a[xµ∂σf(−g)gν[λgρ]σg − xν∂σf(−g)gµ[λgρ]σg
+(−g)gµ[λgνρ]] . (2.57)
Actually, Eq.(2.50) has been obtained without using Eq.(2.49), but it is crucial in obtaining
the expressions (2.51) (2.53). Also, the expression of θλν agrees with that of the symmetric
energy-momentum density proposed by Landau-Lifshitz in general relativity.
The dynamical energy-momentum Mk is the generator of internal translations and the
total energy-momentum of the system. The \spin" angular momentum Skl is the genera-
tor of internal SL(2, C)- transformations and the total (=spin+orbital) angular momentum
of the system. The canonical energy-momentum M cµ and the \extended orbital angular
momentum" Lµ
ν are the generators of coordinate translations and of coordinate GL(4, R)-
transformations, respectively [6,16].
The following is worth emphasizing: The total energy-momentum and the total angular
momentum are the generators of internal Poincare transformations, and the generators of
coordinate transformations are vanishing and trivial.
B. Transformation properties of energy-momentum and angular momentum densities






























µ def= −2 ∂L
G
∂ψ[k,µ








µ def= −2 ∂L
M
∂ψ[k,µ












p−gLG and LM def= p−gLM . The densities GTkµ and MTkµ are the dynamical
energy-momentum densities of the gravitational eld and of the matter eld φA, respectively,
while GSkl
µ and MSkl
µ are \spin" angular momentum densities of the gravitational and the













µ transform according as




MT0kµ = MTkµ − ωklMTlµ + µ,νMTkν − λ,λMTkµ , (2.64)
GS0klµ = GSklµ − ωkmGSmlµ − ωlmGSkmµ − 2t[kGTl]µ + µ,νGSklν − λ,λGSklµ




MS0klµ = MSklµ − ωkmMSmlµ − ωlmMSkmµ − 2t[kMTl]µ + µ,νMSklν − λ,λMSklµ . (2.66)



















which are the canonical energy-momentum densities of the gravitational eld and of the
matter eld, respectively. Also, we dene
G ~Mλ
µν def= 2(Ψλ
µν − xµG ~Tλν) , (2.69)
M ~Mλ
µν def= −2xµMTλν , (2.70)
which are the \extended orbital angular momentum" densities of the gravitational eld and
of the matter eld, respectively. There are the relations
9
~Tµ
ν = G ~Tµ
ν + MTµ
ν , ~Mλ
µν = G ~Mλ
µν + M ~Mλ
µν . (2.71)
The densities G ~Tµ
ν ,MTµ
ν , G ~Mλ
µν and M ~Mλ
µν transform according as























ν − ν ,λG ~Tµλ − λ,λG ~Tµν + ρ,λµΨρλν , (2.72)










ν − ν ,λMTµλ − λ,λMTµν , (2.73)
G ~M0λµν = 2(Ψ0λµν − xµG ~T0λν − µG ~Tλν) , (2.74)
M ~M0λµν = −2xµMT0λν − 2µMTλν , (2.75)
under the product transformations of (2.22) and (2.23), where Ψ0λµν denotes the transformed
Ψλ
µν :








Aklλ − ρ,λΨρµν + µ,ρΨλρν
+ν ,ρΨλ
µρ − ρ,ρΨλµν . (2.76)
III. EXTENDED NEW GENERAL RELATIVITY
A. Reduction of Poincare´ gauge theory to extended new general relativity
In P.G.T., we consider the case in which the eld strength Rklµν vanishes identically,
Rklµν  0 , (3.1)
then, the curvature vanishes and we have a teleparallel theory.
We choose SL(2.C)-gauge such that
Aklµ  0 , (3.2)
which reduces the expressions of vierbeins ekµ, ane connection coecients Γ
λ
µν and the



















Since LR = 0 = aR, the gravitational Lagrangian density LG is reduced to LG = LT ,
which agrees with the gravitational Lagrangian density in new general relativity (N.G.R.)
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[17,18]. Thus, the gravitational field equations in E.N.G.R. take the same forms as those in
N.G.R.
As is the case of the Lagrangian density LG + LM in P.G.T., L = LT + LM is invariant
under the product transformations of (2.22) with constant ωkl and (2.23), but it violates
local SL(2, C) invariance.













A  0 , (3.7)
∂µ
totSkl
µ − 2 δL
δψ[k
ψl] − 2 δL
δA[kµ


















respectively. The identities (2.29), (2.30), the expression (2.43) and the conservation laws
(2.45), (2.46) remain unchanged and there are no identity corresponding to Eqs.(2.31) and
(2.32) and no expression corresponding to Eq.(2.44).
The eld equation δL/δψk = 0 is automatically satised, if the eld equations δL/δAkµ =
0 and δL/δφA = 0 are both satised.
The identity (2.33), the denitions (2.38) and (2.42) are reduced to
~Tµ
ν − ∂λΨµνλ − δL
δAkν
Akµ  0 , (3.11)
~Tµ
ν def= δµ
νL− FkλνAkλ,µ − ∂L
∂φA,ν
φA,µ
− Fkνψk,µ , (3.12)
Ψλ
µν def= Fk
µνAkλ = −Ψλνµ , (3.13)
respectively. The conservation laws (2.47) and (2.48) remain unchanged.
In Ref. [7], we have examined Mk, Skl,M
c
µ and Lµ
ν dened in the same ways as in P.G.T.
for asymptotically flat space-time by choosing ψk as given by Eq.(2.49) and assuming some
additional conditions on asymptotic behaviors of eld variables. The same expressions as
Eqs.(2.50)  (2.53) hold also in E.N.G.R.
B. Transformation properties of energy-momentum and angular momentum densities




























µ = −2 ∂L
T
∂ψ[k,µ
ψl] − 2F[kνµAl]ν , (3.16)
MSkl
µ = −2 ∂L
M
∂ψ[k,µ





Under the product transformations of (2.22) and (2.23), these densities transform according
as
GT0kµ = GTkµ − ωklGTlµ + µ,νGTkν − λ,λGTkµ − ωkl,νFlµν , (3.18)
MT0kµ = MTkµ − ωklMTlµ + µ,νMTkν − λ,λMTkµ , (3.19)
GS0klµ = GSklµ − ωkmGSmlµ − ωlmGSkmµ − 2t[kGTl]µ + µ,νGSklν − λ,λGSklµ − 2t[k,νFl]µν ,
(3.20)
MS0klµ = MSklµ − ωkmMSmlµ − ωlmMSkmµ − 2t[kMTl]µ + µ,νMSklν − λ,λMSklµ . (3.21)
Equation (2.67) reduces to
G ~Tµ
ν = δµ







p−gLT , while Eqs.(2.68)  (2.71) remain unchanged.
The densities G ~Tµ
ν and MTµ
ν transform according as










ν − ν ,λG ~Tµλ
−λ,λG ~Tµν + ρ,λµΨρλν , (3.23)










ν − ν ,λMTµλ − λ,λMTµν , (3.24)
under the product transformations of (2.22) and (2.23). The transformation properties of
G ~Mλ
µν and of M ~Mλ
µν are given by the same forms as Eq.(2.74) and Eq.(2.75), respec-
tively, where, for the present case, G ~T0µν and MT0µν are given by Eq.(3.23) and Eq.(3.24),
respectively. Equation (2.76) is reduced to
Ψ0λµν = Ψλµν + tk,λFkµν − ρ,λΨρµν + µ,ρΨλρν
+ν ,ρΨλ
µρ − ρ,ρΨλµν . (3.25)
IV. SUMMARY AND DISCUSSIONS
We have examined the transformations properties of energy-momentum densities and of
angular momentum densities both in P.G.T. and in E.N.G.R.
Results can be summarized as follows:
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[1] Results in Poincare gauge theory (P.G.T.):
(1A) From Eqs.(2.63) (2.66), we see that the densities GTkµ,MTkµ, GSklµ and MSklµ
are all space-time vector densities, i.e. they transform as vector densities under
general coordinate transformations. Their transformation properties under inter-
nal Poincare transformations are summarized as follows:
(a) The dynamical energy-momentum density GTk
µ of the gravitational eld is
invariant under local translations. It transforms as a vector under global
SL(2, C)-transformations. But, it is not vectorial under local SL(2, C)-
transformations.
(b) The dynamical energy-momentum density MTk
µ of the matter eld φA is
invariant under local translations. It transforms as a vector under local
SL(2, C)-transformations.
(c) Under global translations, the \spin" angular momentum density GSkl
µ of the
gravitational eld receives transformations which correspond to translations
in internal space-time, and it transforms as a tensor under global SL(2, C)-
transformations. But, it is not tensorial under local Poincare transforma-
tions.
(d) The \spin" angular momentum density MSkl
µ of the matter eld φA is ten-
sorial under local Poincare transformations.
(1B) From Eqs.(2.72)  (2.76), we see that G ~Tµν , MTµν , G ~Mλµν and M ~Mλµν are all
invariant under global internal Poincare transformations. They are not invariant
under local Poincare transformations. Also, we can see the following:
(e) The canonical energy-momentum density G ~Tµ
ν of the gravitational eld
transforms as tensor densities under ane coordinate transformation x0µ =
aµνx
ν + bµ, but it does not transform as a tensor density under general coor-
dinate transformations [22].
(f) The canonical energy-momentum density MTµ
ν of the matter eld φA trans-
forms as a tensor density under general coordinate transformations.
(g) Both of \extended orbital angular momentum" densities G ~Mλ
µν and M ~Mλ
µν
transform as tensor densities under constant GL(4, R)-coordinate transfor-
mations, and they receive space-time translations under constant coordinate
transformations. They do not transform as tensor densities under general
coordinate transformations [22].
[2] Results in extended new general relativity
(E.N.G.R.):




µ are space-time vector densities.
Also for the case of E.N.G.R., the same statements as (a), (b) and (d) in (1A)
hold true for GTk
µ,MTk
µ and MSkl
µ. As for GSkl
µ, we have the following [21]:
(c
′
) The density GSkl
µ receives transformations which correspond to translations
of the origin of internal space-time under global translations, and it transforms
as a tensor under local SL(2, C)-transformations. But, it is not tensorial
under local internal translations.
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(2B) Also for G ~Tµ
ν ,MTµ
ν , G ~Mλ
µν and M ~Mλ
µν in E.N.G.R., the same statements as





µ are all space-time vector densities in both theories, the
energy-momenta and angular momenta of the gravitational field and of the matter field are
defined well, and independent of the coordinate system employed. For example, the energy-


















As we have mentioned in the nal parts of IIA and of IIIA, the total energy-momentum
and the total (=spin+orbital) angular momentum are given by Mk and Skl for an asymptot-
ically flat space-time. While, the canonical energy-momentum M cµ and \extended orbital
angular momentum" Lµ
ν , which are obtained as the integrations of non-tensorial quantities
~Tµ
ν and ~Mλ
µν , on the other hand, vanish and are trivial.
In both in P.G.T. and in E.N.G.R., the densities MTk
µ and MSkl
µ are well behaved
under local internal Poincare transformations, while the energy-momentum density GTk
µ
of the gravitational eld is well behaved under local internal translations. In E.N.G.R., the
\spin" angular momentum density GSkl
µ of the gravitational eld is well behaved under local
internal SL(2, C)-transformations.
It is worth mentioning here that the Lagrangian densities LG+LM in P.G.T. and LT +LM
in E.N.G.R. are both invariant under local internal translations and under global internal
SL(2, C)-transformations, but they violate the invariance under local internal SL(2, C)-
transformations. Thus, one may claim that we need not bother about the fact that GTk
µ in
P.G.T. and in E.N.G.R. and GSkl
µ in P.G.T. are not tensorial under local internal SL(2, C)-
transformations. In E.N.G.R., in particular, this can be strongly asserted, because local
SL(2, C)-gauge invariance is rather accidental [18] in this theory due to the lack of SL(2, C)-
gauge potential Aklµ.
We now give comments on alternative choices of sets of independent eld variables:
{1} In P.G.T., we can choose fψk, ekµ, Aklµ, φAg as the set of independent eld variables
[5,6,23]. The dynamical and canonical energy-momentum densities and spin and \ex-
tended orbital angular momentum" densities can be dened also for this case. The
dynamical energy-momentum and spin angular momentum densities are space-time
vector densities, and the canonical energy-momentum and \extended orbital angular
momentum" densities are not space-time tensor densities. The transformation proper-
ties of these quantities under the Poincare gauge transformations are much the same as
in the case with fψk, Akµ, Aklµ, φAg being employed. For the choice fψk, ekµ, Aklµ, φAg,
however, the total dynamical energy-momentum vanishes identically and the total
canonical energy-momentum gives the total energy-momentum for the asymptotically
flat space-time for a suitably chosen coodinate system. Also, for asymptotically flat
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space-time, the spin angular momentum and orbital angular momentum are both di-
vergent, and the total angular momentum is obtainable only as the sum of spin and
orbital angular momenta. Thus, the total energy-momentum and the total angular mo-
mentum cannot be defined independently of the coordinate system employed, because
both of the canonical energy-momentum and orbital angular momentum densities are
not tensor densities.
{2} In E.N.G.R., we can choose fψk, ekµ, φAg as the set of independent eld variables [7,24].
For this choice, almost the same statements as in f1g hold, and the the total energy-
momentum and total angular momentum are obtained only by using densities which
are not tensor densities.
The choice fψk, Akµ, Aklµ, φAg with the condition (2.49) in P.G.T. and the choice
fψk, Akµ, φAg with the condition (2.49) in E.N.G.R. are preferential to all the other choices.
In general relativity, all the known energy-momentum and angular momentum densi-
ties of the gravitational eld are not space-time tensor densities. Poincare gauge theory
and extended new general relativity are preferential to general relativity in the point that
the former two theories have energy-momentum and angular momentum densities of the
gravitational eld which are true space-time vector densities [25].
APPENDIX A























where the symbol εklmn stands for completely anti-symmetric Lorentz tensor with
ε(0)(1)(2)(3) = −1 [26].







(Rklmn +Rkmnl +Rknlm +Rlmkn


































= Rklmn − 1
2
(ηkmRln + ηlnRkm − ηknRlm
−ηlmRkn) + 1
6
(ηkmηln − ηlmηkn)R , (A10)
Rkl
def
= ηmnRkmln . (A11)
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